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Programmes have been devised for computing Patterson and Fourier syntheses in two and three 
dimensions with the EDSAC. An outline of the methods used is given and future possibilities are 
discussed. At present a two-dimensional summation of about 400 independent terms for about 2000 
points takes'J½ hr. ; a three-dimensional summation of 2000 terms for 18,000 points takes 9 hr. 
A method~is"~lescribed whereby the EDSAC, without special modification, can be made to print 
results directly in contour form with considerable economy in time. 

1. Introduction 
In this paper are described some methods which have 
been developed for carrying out crystallographic 
Fourier syntheses with the Cambridge Electronic 
Delay Storage Automatic Calculator (EDSAC). In 
this machine the simple arithmetical operations of 
addition and subtraction are carried out in a mere 
1½ milliseconds, and multiplication in 6 milliseconds; 
it should thus be capable of handling crystallographic 
calculations much more rapidly than hand or punch- 
card machines. 

We do not propose to give an account of the EDSAC 
itself; we shall assume tha t  the reader has some general 
acquaintance with it, such as can be obtained, for 
example, from papers by Wilkes (1949a, b) and by 
Wilkes & Renwick (1949) which deal respectively with 
the mode of operation of the EDSAC and with its con- 
struction. A more detailed account of programming 
for the EDSAC is given by Wilkes, Wheeler & Gill 
(1951). 

I t  may, however, be useful to point out tha t  the 
EDSAC works in the binary scale, i.e. it uses only the 
digits 0 and 1; and tha t  it is provided with a ' s tore '  
consisting at  present of 512 'short  storage locations' 
each capable of retaining 17 binary digits. These loca- 
tions are used to hold sequences of binary digits 
which may  represent either numbers required or pro- 
duced in the course of a computation, or orders--coded 
in binary numerical form--instructing the machine to 
carry out particular operations in a predetermined 
sequence. These numbers are brought into the '  accumu- 
lator '  or 'multiplier register', before they are operated 
on, by means of appropriate orders. The machine can 
carry out directly only the simplest arithmetical opera- 
t ions--addition, subtraction, multiplication, and 
' shif t '  (equivalent to multiplication or division by an 

* Present address: Ferranti Ltd., Moston, Manchester 10, 
England. 

integral power of 2; e.g. the number 24 in binary form 
is l l 0 0 0 - - a  right shift of two places gives 00110 or 6, 
i.e. 2 4 -  22, and a similar left shift gives 1100000 or 96, 
i.e. 24 × 29); more complex operations are carried out 
by using appropriate combinations of the simple ones. 
Provision is also made for testing the sign of the 
number in the accumulator, and for using the result of 
this test to determine whether the next order executed 
by the machine is tha t  immediately following the sign- 
testing order, or tha t  in some different predetermined 
position in the programme; this facility may be used as 
a ' switch '  to select alternative paths in the com- 
putation. The numerical coding of orders has the 
corollary tha t  orders themselves, like numbers, may  
be subjected to arithmetical operations and converted 
into new orders during a computation, thus enabling 
the programme to be altered during its course in a 
sense determined by the result of the computation so 
far. The storage capacity of the EDSAC is shortly to be 
doubled, giving 1024 locations in all; and it is expected 
tha t  in future machines a magnetic drum auxiliary 
store with a capacity of several thousand locations will 
also be available. 

So far we have constructed programmes only for the 
most simple types of Fourier summation, viz. for two- 
and three-dimensional Patterson syntheses. These 
programmes may be used unaltered for Fourier syn- 
theses of the same symmetry,  and require only simple 
modifications for other symmetries. We anticipate little 
difficulty in applying similar methods to other pro- 
blems, especially sifice nearly all crystallographic 
computations can easily be reduced to Fourier sum- 
mations. In particular, the calculation of structure 
factors, to which we hope to proceed later, should be 
quite straightforward. 

Some of the first methods to be described were 
developed by one of us (J.M.B.) in collaboration with 
Mr H. E. Huxley of the Cavendish Laboratory. 
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2. One-dimensional  Fourier synthesis 

In  order to indicate in general terms the methods used 
we shall first give an outline of the programme required 
for a simple one-dimeusional Fourier synthesis. The 
example chosen is the summation of 

F~ cos 27rhx/a 
0 

at equal intervals (x/a)basic from x--O to x=a. We 
shall suppose that  the (hmax. T 1) values of F a are con- 
rained in storage positions m, (m+ 1), ..., (m+hmax.).* 
Consider the situation at some point during the syn- 
thesis when the variables have the values h, x. We 
arrange fia)retain in convenient storage locations three 
' c o ~  which will contain at this point 

(a)~ x/a; (b) hx/a, (c) [-(hmax" + 1)+h]. 

(9) Add (x/a)basio tO (a). Test (a). I f  it is still < 1, 
return to (1) and repeat cycles. I f  ( a )= l ,  the pro- 
gramme is finished. 

This sequence of operations is illustrated schematic- 
ally in Fig. 1. 

An actual routine designed to carry out this pro- 
gramme would consist of about 100 orders. In addition 
the store must contain a short routine to take the Fh's 
from teleprinter tape and place them in a suitable form 
into positions m, (m+ 1), ... ; and also a print routine 
which takes the sums, converts them into decimal 
notation, and prints out the result (with sign) to the 
desired number of significant figures. These routines 
need about 25 and 50 orders respectively. There 
remains to be discussed one important matter, namely 
the method of calculating cos 27rhx/a. 

Start ,,-),- 

Find Find Multiply Add x/a Increase Add 1 Print Re-set(b),Add (x/a) h..,. cos2nhx/a F~ and add to to F-finder to total (c), and to . . . .  
I running hx]a (2) (c).Te~t I F-finder (a).Test 

] 'c~' 1 ] (e)-O l ] 1@)_)--1 Programme 

- -  " - - - - - - - - - - -  fc)<O I 
Counters (a) x# ,h 

/ (b) hx# ~ (,)<1 
] (C) -- (h~+l.)+h i 

~. xi 

Fig. 1. Scheme for computing one-dimensional Fourier synthesis. 

Then the next instructions given to the machine are 
the following: 

(1) Take the current value of hx/a from (b) and find 
cos 2~vhx/a. 

(2) Find F a (by means of an order which selects the 
contents of storage positions (m + h)). 

(3) Multiply F a by cos 2rrhx/a and add the result to 
a ~]nning total kept somewhere in the store. 

(4) Add (a) to (b), i.e. add x/a to hx/a, giving 
(h+ 1) x/a, and place in (b) instead of hx/a. 

(5) Change the order at (2) so that  in the next cycle 
of operations it selects storage position (m + h ÷ 1), thus 
finding Fl,+l. 

(6) Increase (c) by unity, so that  it becomes 
-- ( h ~ .  T 1) + h ÷ 1. Test the sign of this number. I f  it 
is still negative, return to (1) and repeat the cycle. If  
it  is zero (as it will be after the (hmax. T 1)th cycle) the 
~]mmation has been completed; in this case proceed 
to 

(7) Print out nmning total. 
" (8) Re-set (b) to zero and (c) to - (hmax" + 1). Set the 
order at (2) to select storage position m. Clear running 
total (i.e. set to zero). 

* We u s e  t h e  symbol F throughout this paper as the coeffi- 
cient of a Fourier term irrespective of whether it r e p r e s e n t s  
t h e  a m p l i t u d e  or  t h e  intensity of an X-ray reflexion. 

3. Calculation o f  cosines (and sines) 

Three different methods of computation were tried: 

(1) Each term of the type cos. 2rrhx/a was obtained as 
sin 

COS 
required from the previous term . 27r(h-1)x/a by 

sm 
means of the standard addition formulae for 

Cos 
cos. (A +B) .  Sin 21rx/a must be known and can be 
sm 
obtained in each outer (x) cycle by the same formulae 

(from the previous value,and cos. 27r(x/a)basio)" 
sin 

(2) By means of a short sub-routine introduced at 
the beginning of the programme, a table of values of 
cos 27rx/a from 0 ° to 90 ° was prepared and stored, the 
intervals chosen being those normai]y used in crystal- 
lography, i.e. (90/15) ° or (90/30) ° . This method has the 
disadvantage that  these intervals do not readily fit in 
with techniques using binary-scale counters--in fact 
two separate counters are required, one taking account 
of the quadrant, and the other of the position of the 
angle in the quadrant. The necessity for re-setting 
these counters is avoided in the method described in (3). 

(3) A similar sub-routine was used to compute a 
table of cosines from 0 ° to 90 °, but this time at intervals 
of (90/2~) ° where m is an integer (in our programmes 



J. M. B E N N E T T  A N D  J. C. K E N D R E W  111 

the value m =  5 was chosen; i.e. 2 m= 32 and there are 
33 entries in the table). In  this case the hx/a counter 
merely records the number of basic intervals (of 
(90/32)°); then the ordinal number of the position in 
the table at which the required cosine is to be found 
(= I hx/almod 32) can be obtained from the five least 
significant digits, and the quadrant from the next two. 
For example, ff 

hx/a=36 [=36 x (90/32)°=90 ° + (4/32) x 90°], 

the counter will contain 36 in binary form, viz. 0100100: 
the five least significant digits are 00100, giving 4 for 
the position in the table, and the next two are 0100000, 
which on right shift gives 0000001 or 1, meaning second 
quadrant (' 00' represents first quadrant). In the first 
quadrant the table position is used direct; in the second 
it is subtracted from 33 and the value obtained from 
this position in the table is given a minus sign (since 
cos (90 + 0) = - cos (90-  0)). Cosines in other quad- 
rants, and sines, can be found by minor modifications 
of the basic procedure. 

As an example of the relative speeds of the three 
methods, a two-dimensional Patterson synthesis for 
which (hmax" + 1) × (kmax. + 1) = 176 was computed at 
the following rates (by the first programme described 
in § 4 below): 

Calculation of cosines by method (1): 15sec. per 
(x, y) value. 

Calculation of cosines by method (2): 12see. per 
(x, y) value. 

Calculation of cosines by method (3): 10.5 sec. per 
(x, y) value. 

Method (1) is more economical of storage space than 
(2) and (3) since in the latter a table of cosine values 
must be stored throughout the programme. Part  of 
this space may be recovered since, once the table has 
been prepared, the sub-routines introduced for the 
purpose of computing it may be removed, and the space 
occupied by it used for other purposes (e.g. the print 
sub-routine). The routine which reads the Fh's from 
the tape and stores them away may similarly be over- 
written once all the F~'s have been taken in. 

4. Two-dimensional syntheses 

First method 
In two dimensions a Fourier summation of 

hm~ k~a~ 
Z Z F~:cos21r(hx/a+ky/b) 
o o 

may be carried out by methods analogous to those 
described in § 2; a system of four loops is used (see 
Fig. 2). 

Additional counters will of course be required so that,  
for each Fak, the hx/a and ky/b counters are added 
together and the result is used to find appropriate 
cosine. 

2~ond method 
A great deal of time can however be saved by separ- 

ating the x and y variables and dividing the synthesis 
into two stages, computing in stage I a set of (kmax. -t- 1) 
terms: h ~  

A(/~, x) = ~j Fn~ cos 2~hx]a 
0 

which are stored and used in stage II  to compute values 
of:  kma~ 

A(k, x) cos 27rky/b 
0 

for a whole row of points having the same x co-ordinate. 
This o£ course is the method proposed by Lipson & 
Beevers (1936) and commonly used for hand com- 
putation of two-dimensional Fourier syntheses. The 
method is shown schematically in Fig. 3. 

Print 

Fig. 2. Scheme for comput ing  two-dimensional  
synthesis:  first method .  

Store 
Stage I A(k,x) Stage II Print 

k _ Y _ 
X IC 

Fig. 3. Scheme for comput ing  two-dimensional  synthesis  by  
second me thod ,  the  variables being separated.  

The saving in time can be estimated, in terms of 
this scheme, from the fact that, if the computation is 
to be made for X Y points, the total number of times 
inner cycles (which are repeated most frequently and 
make up the bulk of the computation) have to be 
traversed in the whole computation is 

X[(kmax. + 1) (hm~. + i) + r (k~x. + 1)], 

whereas in the first method the inner cycle is traversed 
XY(/cmax. + 1) (hmax. + 1) t imes--a number greater in 
the ratio [1 /Y+ 1/(hmax. + 1)]. In practice the saving of 
time is not so great as this because the printing time, 
which is the same in the two methods, is a considerable 
proportion of the whole, being limited in the EDSAC 
by the standard rate of operation of a teleprinter. 

In the example mentioned at the end of § 3, the rates 
of operation with the two methods (using the fastest 
method of cosine computation) were: 

First method 10.5 sec. per point. 
Second method 2.5sec. per point and 10sec. for 

calculation of each set of int~r- 
mediate totals (or 10/Y sec. per 
point). 

(These times include in each case 1-33 sec. per point 
for printing.) 
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The second method of course requires more storage 
space than the first, since (kmax. + 1) storage positions 
(or a small integral multiple thereof in lower sym- 
metries--see §7) must be reserved for intermediate 
totals. In our earlier work the first method was used 
because storage capacity was a serious limitation; more 
recently a larger store has become available so the 
second method has been adopted. 

5. Methods of economizing storage capacity 

-In a machine such as the EDSAC, which at present has 
only a fairly small fast store, it is impossible to accom- 
modate all the terms of a typical two-, and more 

,especially of a three-, dimensional synthesis if each 
short storage position (of 17 binary digits) is used to 
store only one term. We have adopted or contemplated 
various economy measures which will now be described. 

(a) Zero elements 

In most crystallographic syntheses there frequently 
occur sequences of two or more zero terms. For Patter- 
son syntheses (where all terms are positive) we have 
indicated such gaps by using negative numbers. Thus 
a row of terms 

+5  +16 0 0 0 + 4  

would appear in the store as 

+ 5  +16 - 3  + 4  

(b) Packing 
Often all the terms to be stored are very much smaller 

than the maximum capacity of a short storage position 
(217 - 1). I t  is generally possible to pack more than one 
term into each position, though some increase in com- 
puting time is inevitable since packing and unpacking 
routines are required (we shall indicate the magnitude 
of this increase below). We have used two methods: 

(i) Packing two terms in one short storage position. 
I f  the 17 digits of a short storage position are repre- 
sented by A, Bbbbbbbb, Cccccccc 

then A is normally 0, and b.. .  b and c.. .  c are a pair of 
terms, B and C indicating signs (0 if positive, 1 if 
negative). I f  A is 1 the indication to the machine is 
that  the rest of the position contains a code combina- 
tion (meaning, e.g., gap, end of row) instead of a pair 
of terms. The method is especially useful when, as 
often happens, terms occur in pairs, e.g. (Fhk +Fh~), 
(Fh~--Fh~). The largest term which can be accommo- 
dated is (27-1), or 127. 

(ii) Packing three terms in one long storage location. 
One long storage location consists of two adjacent short 
ones together with a single intermediate digit (used in 
the EDSAC to separate storage locations). This enables 
three terms to be packed as follows 

o~Aaztaztaxtaz~, S, flBbbbbbbbbb, S, 3 / C c c c ~  

where S, S a re '  sandwich digits' merely separating the 
terms and useful in simplifying the unpacking routine. 

The three terms are a . . .  a, b.. .  b, c. . .  c and their signs 
are indicated by A, B and C as before; the largest 
number which can be accommodated is now (29-1) or 
255. We have used this method for intermediate totals 
in three-dimensional syntheses (see § 8). These totals 
may be much larger than 255, so we have provided the 
additional facility that, ff the term in binary form 
exceeds 9 digits, its 9 least significant digits are placed 
in one position and the 9 (or less) more significant 
digits in the neighbouring one. That a term has been 
split in this way is indicated by a 1 (instead of 0) at 
a, fl, or ~, (before its most significant haft only); and 
we can now accommodate terms up to (21s-1) or 
262,143. As an example the terms +528, +7 would 
be stored as 

10,000010000 [ 1 [ 00,000000010 [ 1 100,000000111 

l 
' t  t t t t t 
+ 16 + 512 + 7 

5~8 
Indicating split number to follow. 

The sandwich digits S are used during unpacking, in 
which the basic operation is to extract a term from the 
left-hand end of the storage location. The sandwich 
digit lying to the right of the term just extracted is then 
tested; ff it is present, another term is shifted up to 
the left-hand end ready for the next unpacking opera- 
tion, but if it is absent the storage location must be 
empty and arrangements are made to extract from the 
next storage location in the succeeding unpacking 
operation. 

( c ) Logarithmic representation of terms 

In many cases X-ray intensities are measured by 
visual comparison with a standard step wedge whose 
steps represent exposures in the ratios 1 : ~/2 : 2 : 2~/2 ..., 
say. In this instance the accuracy of measurement can 
only be of the order + 20 %. The method of measure- 
ment is such that  a logarithmic representation of terms 
seems appropriate. 

If, for example, we require to handle terms in the 
range 0-127, normal binary representation requires 7 
digits; on the other hand, if all values are smoothed off 
to steps of ~/2, four digits suffice; if to steps of 2, three 
are sufficient. Thus the binary equivalent of 49 is 
0110001. Smoothed off to the nearest power of ~/2, 
which is eleven, 49 may be represented as 1011; 
smoothed off to the nearest power of 2 (i.e. 6), 49 may 
be represented as 110. 

I t  is not suggested that  this smoothing is always 
possible, but in many cases the synthesis obtained from 
such smoothed-off data is not significantly different 
from that compounded of unsmoothed data. For 
example Fig. 4(a) is the a Patterson projection of 
horse methaemoglobin (computed from new un- 
published data obtained by H. E. Huxley); Figs. 4 (b) 
and 4@ are the same projection computed from in- 
tensities smoothed off to (~/2) '~ and 2" respectively. 
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The former type of packing would make it  possible to 
place three, and the lat ter  four, terms in a short storage 
position (allowing for sign digits). 

csinfl 
(a) 

csin~ 

(b) 

....... • . . . . . . .  "::. "" ....... -c=~( ............. ,:. .................. 
.... - , ~ :  ",.,. . ..... 

.~ ..2 ~ , " '"" .... 
......... " " : - C  J . . . . . .  ............. 

~b 

................ • ......... :: .:----....j ................ 

",, ) " ; ~ : : > "  :" ....-- 

csin,8 

Fig. 4. a Patterson projection of horse methaemoglobin. 
(a) Computed from measured intensities. (b) Computed 
from intensities smoothed off to nearest integral powers of 
.~m 2. (c) Computed from intensities smoothed off to nearest 

tegral powers of 2. (Contours have not been normalized.) 

The interpretation of information stored in this way 
is merely a matter  of shifting the coefficient of the term 
(i.e. the cosine or sine) to the left by a number of places 
equal to the power of two. I f  the gradations are in steps 
of ~/2 the result must be multiplied by a constant equal 
to ~/2 ff the last digit of the stored term is 1 (indicating 
an odd power of ~/2). 
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6. Checks 

Correct operation of the arithmetical units of the 
machine can be checked by means of special test  
routines before the start  of a programme. I t  is, how- 
ever, necessary to include checks in the programme to 
verify the continued correct operation of the machine 
during computation, the most likely sources of error 
being those due to the loss or gain of digits in the store. 
One such check is to add the value of each term as it is 
taken out of the store to a running check total; once in 
each outer cycle, i.e. once per block of values for a 
given x, this check total  is printed out. This printed 
total  should of course remain the same throughout the 
computation. This method checks tha t  the terms have 
been correctly stored and also gives some check on the 
performance of the Arithmetical Unit. I f  through a 
partial store failure orders are distorted, the result will 
almost certainly be tha t  the machine will stop or will 
print  obviously absurd results, so no special checks 
are needed to meet this danger. 

I f  an error occurs at  some point during a computation, 
it  can easily be arranged tha t  on repetition only tha t  
part  of the computation is carried out which follows 
the point at  which the error took place on the first 
at tempt.  

7. Crystal symmetry: Patterson and 
Fourier summations 

We have so far discussed the computation of a two- 
dimensional summation of the form 

hma~_ kma~.  

Z Z Fak cos 2rrhx/a cos 2•ky/b. 
0 0 

Provided tha t  factors of ½ and ~ have been applied to 
terms Fh0 (and F0~; h,b:~0) and F00 respectively--  
exactly as is done in the Beevers-Lipso n me thod- -  
we see tha t  this summation corresponds to a projection 
having a centre and a plane of symmetry.  In  practice 
the symmetry  is often lower. To take a case common in 
Patterson syntheses, the projection may  possess only 
a centre of symmetry.  Here we must prepare two sets 
of intermediate terms in the first stage. 

Stage I :  

A (k, x) -- No (F~k + Fh~) cos 2~rhx/a having 2 ( / c~ .  + 1) 
h m a ~  

B(Ic, x ) =  ~., ( F h k - - F h ~ )  s i n 2 r r h x / a J  terms in all; 
0 

and similarly we must compute in the second stage. 

Stage I I :  

C(x, y) = • A cos 2rrky/b; D(x ,  y) = • B sin 2~ky/b.  
0 0 

The final value at  (x, y) is now ( C - D ) ,  and at  (x, ~) 
is (C-t-D). I t  is convenient to calculate pairs of A and 
B, and pairs of C and D, together. Terms Fhk and Fh~ 

8 
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are entered alternately on the input tape: as it takes 
them in, the machine computes (Fhk+Fh~) and 
(Fh~--Fh~) and packs the pair in a single short storage 
location as described in §5 (b)(i). The intermediate 
totals occupy 2(kraax. + 1) locations. At the end C and 
D are computed, the machine printing out first ( C - D )  
and then (C + D). 

Other symmetries, including those where the phase 
angles need not be 0 or ~, can be dealt with similarly 
by trivial modifications of a few standard routines; it 
is convenient to break up terms with general phase 
into cosine and sine components, rather than to intro- 
duce the phase angle directly. Thus both Patterson and 
Fourier syntheses of any symmetry can be handled, 
though the lower the symmetry the more lengthy the 
computation and the more the storage space required 
for intermediate terms. 

We now give examples of the time taken for com- 
putations of two standard types. Let the total number 
of independent terms entered on the tape be t, and the 
number of points at which the value of the function is 
computed be X Y (X and Y are each of the form 
2~+ 1--see §3(3)); H=hmax.+ 1 and K=kmax.+ 1. 

Case A. Projection with centre and plane of symmetry 
Total time 

= 30 + t/12 + X[(1.33 + 0.053K) Y + 3 + t/20] see.* 

In this programme the store is occupied as follows: 
main routine, 148 locations; print routine, 50; table of 
cosines, 33; (kraal. + 1) intermediate totals, say 20--in 
all 251 locations, leaving room for 261 terms (773 when 
the total storage capacity is increased from 512 to 
1024 locations). Terms are not packed. 

Of the total time, 1.33XY sec. are occupied in 
printing. 

Example. Patterson projection of whale myoglobin 
(c projection of P21212 ). 260 terms, computed for 
17 ×33=561 points (intervals of a/64, b/32). Total 
time, 30 min. (of which 14 min. are printing time). 

Case B. Projection with centre of symmetry 
Total time 

= 45 + t/lO + X[(3 + 0.093K) Y/2 + 3 + 0.044t] sec. 

In the store the main routine occupies 186 locations; 
the print routine, 48; the table of cosines, 33; 2(kmax. + 1) 
intermediate totals, say 40--in all 307 locations, leaving 
room for 205 packed pairs, or 410 terms in all (1434 
terms when the total storage capacity is doubled). 

The increase in time due to packing is about 0.075 
sec. per term--0.075t sec. in all; unpacking does not 
involve an appreciable delay. 

Of the total time, 1-33XYsee. are occupied in 
printing, as before. 

* I t  will be no t ed  t h a t  in this  and  the  similar expression 
for case B the  q u a n t i t y  H does no t  appear  explicit ly,  since it 
is implicit  in t. (In the  expression for a three-dimensional  
s~!.m_ mar ion  on p. 115, 15 is absent  for the  same reason.) 

Example. Patterson projection of horse haemo- 
globin (b projection of C2). 410 terms (205 pairs of Fa~ 
and Fh~), computed for 65 x 33 = 2145 points (intervals 
of a/64, c/64). Total time, 97 min. (of which 48 rain. are 
printing time). The time taken to pack the terms is 
only 30 sec. in all. 

8. Three-dimensional summations 

We shall now describe a programme devised for the 
computation of a three-dimensional Patterson syn- 
thesis in the space group P21. In three dimensions the 
arguments in favour of using Beevers-Lipson methods 
are even stronger than in two; the stages in the com- 
putation in tMs particular space group are then the 
following: 

Stage I :  

A(h, k, z) = • (Fhkt + F~kl) cos 27rlz/c 
0 

Ima~ 
B(h, k, z) = • (Fh~t- F ~ )  sin 27rlz/c J 

o 
No. of intermediate terms to be stored 

- -  2 (hmax. -[- 1) (]¢max. -}- 1 ) • 

Stage I I :  
C(x, k, z) = N A cos 27rhx/ 

0 

D(x,k,z)= Z Bsin27rhx/aJ 
0 

1~o. of intermediate terms to be stored 

---- 2(kmax.-t- 1). 
Stage I I I :  k~ .  

E(x, y, z) = ~ C cos 2rrky/b; 
o 

kmax. 
F(x, y, z) = ~ D cos 21rky/b; 

o 

P ( x , y , z ) = E - F ;  P(x ,~ , z )=E+F.  

I t  will be seen that storage problems are now acute; 
the routines necessary to carry Out the computation 
are longer than in two dimensions, and the intermediate 
totals after Stage I alone may in a typical case (where 
hmax, + 1 = kmax. + 1 = 20, say) number 800. Thus even 
ff they are packed three to a long storage location 
(§5 (b)(ii)), the space occupied is more than 800 x 
(i.e. 533) short storage locations. With the present 
capacity of the EDSAC even these intermediate totals 
can be accommodated only if hmax. and b~nax" are rather 
small. Even when the anticipated increase to 1024 
locations has taken place there will still be too little 
space for the table of F values. In  fact it will only 
become practicable to store the latter (perhaps 10,000 
in number) when a magnetic store is available. 

In  the meantime we have adopted a method in which 
the F values need not be held in the store at all; they 
are fed in anew for the computation of each z layer of 
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the synthesis. The stages in the computation of each 
layer are as follows: 

(1) A routine for one-dimensional summation (along 
z) is placed in the store, together with a constant equal 
to the required value of z]c. A packing routine and a 
table of cosines are also stored. 

(2) A tape punched alternately with Fhkz and Fhk~ is 
passed into the machine. (F~kt+F~) and (Fhkt--Fhk~) 
are computed and the multiplications required for 
calculating the contributions to A and B are carried 
out. The A and B values are packed, three to a long 
storage location. 

(3) When all the F ' s  have been passed into the 
machine, the tables of A and B are complete for the 
current value z/c of Z. The original routines are now 
overwritten by routines for carrying out stages I I  and 
I I I  and by an unpacking routine (to unpack the A's and 
B's). The machine prints out P(x, y, z) and P(x, ~, z) for 
a particular z/c and for all x, y; i.e. for one z layer of 
the synthesis. 

For other values of z/c (1), (2) and (3) are repeated, 
using in each case the appropriate z/c in (1). 

In order to test this method we have repeated the 
three-dimensional Patterson summation of horse 
haemoglobin described by Perutz (1949), but have 
omitted all terms of spacing less than 6.3 A; then the 
2(hmax.+ 1) (kmax.+ 1) terms of the first intermediate 
totals can be accommodated in the present store. The 
space group of horse methaemoglobin is C2 instead 
of P21, and, in order to avoid modification of the 
routine (which was devised for another purpose), no 
special arrangements were made to allow for space- 
group absences; x and z were, however, interchanged 
(so that  in stage I the summation along x was carried 
out), alternate pairs of terms being zero. 

The number of independent terms (including zeros) 
was 2188. Here 

hmax.= 16, ]gmax.-- 10, ~max.-----8; 
X Y Z =  17 x 33 x 33= 18,513. 

The computing times were as follows" 
For each x, time to take in terms and carry out 

stage I, 5rain; time to carry out stages I I  and III ,  
27 rain. Total machine time for whole computation 
=17(5+27)min .=9hr .  4rain. (of which about 5hr. 
40rain. are occupied in printing, and about 50rain. in 
packing and unpacking). 

In the general case the computing time would be 

Z{0.12t + llO+X[O.18HK 
+ (0.14K+ 1.1) (Y+ 1)]} sec. 

If  the terms could be held in an auxiliary magnetic 
store throughout the computation the total computing 
time would be reduced approximately in the ratio 
1 : 0.12t(Z- 1), 0-12t being the time taken to insert the 
terms once into the machine. In a synthesis of many 
terms, when 0.12t might amount to hag  an hour, this 
saving would be very considerable. 

9. Contour plotting 

For many purposes it is unnecessary to know accur- 
ately the values of the function at every point in the 
final summation; all that  is required is to draw approxi- 
mate contours of electron or vector density in positive 
regions. I t  was suggested to us by Mr R. A. Brooker 
that  the EDSAC could be made to print out the results 
in contour form directly, to the required degree of 
accuracy. 

Fig. 5 (a) shows the b Patterson projection of whale 
myoglobin printed in this way. I t  has been arranged 
that 

(a) for every negative value of the function the 
machine prints a space, 

(b) for every positive value between 0 and 31 the 
number 0 is printed, 

(c) 1 is printed for values 32-63, 2 for 64-95, etc., 
up to 9 for values 288-319, 

(d) ' + '  is printed for values exceeding 319. 

÷÷942343210 O0 0000 11 
973012332210012210 
10001210011000110 
111110 O0 0 

00000100000 O0 O0 
,,,~20 01110 00110 012 
431 13321 00000 0000 023 
11 123210011122210 O0 
~31000110000000000 
110 p0110000 

00110000 
00000  00000000 

O0 0 00000001111100 
10 011000000011111001110 000 
11 01100 0000011110 010 O0 
0 0 00110 

0oo 0111000 oo 
1110 01111100 o 001100000 
1110000000 000000110 011000112 

'000 000 O0 022210 011 
O0 01221000011 

000100 
O0 0111 
1110 01110000 

~10000 000000 011100112100011 
10000 0110000 O0 1233210011 

0 010 000 01221100001 
O0 110 011100 

0110" 010 01110 
011 01100  01110011 

00 0000 002221111012221123 

YKXFTSFSQS0 54 1661 8B 
[JJ68RORPA76GQWX1 
9514GVX549LS028L5 
88XCA3 11 0 

35997974210 0 13 
UO5 BAX4 16981 2BE 
sx XUR8 11000 0254 3VY 

AB LYJRG77LGAVWPLO O~ 
SUA426996334310254 
G80 26984100 

25B86443 
12342 14311493 

32 0 29641269LLLL71 
99 49992001368LGGL66LBA6 467 
A8 4G, A71000049ABX3 496 23 
2 0 379~4 

21 39GL731 10 
9994 99XGX852 0 16LL74100 
9LL6104750 342126982 4XG7228BP 
111 66o 32 4~Q8O 30L 

39 1LPPG645788 
037850 

02 7GAB 
LCX2 6ACX9100 

X83294 177920 OLA9338CPA9138X 
76332 3L99321 11 9EOUV957XA 

1 683 093 lX~EC994579 
02 9L3 599863 

3GG1 682 4XBL2 
4X9 6X962 08AL43LB 

00 23)1 07VEOCCBt§SVRV89¥1 

(a) (b) 

Fig. 5. Patterson projection of whale myoglobin: ' contours' 
printed by the EDSAC. (a)Contours at intervals of 32. 
(b) Contours at intervals of 4. 

Contours may rapidly be drawn in at intervals of 32. 
Moreover, the programme is so arranged that, by 
changing two parameters, contours at any other 
interval 2 m (where m is a positive int.eger) may be 
printed. 

If  we use this simple scheme, the accuracy with which 
contours can be drawn is less than in the conventional 
method of plotting the actual values of the function on 
a grid. However, greater accuracy may be obtained by 
printing at closer intervals, making use of letters in 
addition to the ten digits 0-9. With the teleprinter code 
used in the EDSAC it is easy to make use of 18 or more 
letters; for example, Fig. 5(b) shows the same projec- 
tion as Fig. 5 (a), the contour values now being printed 
at intervals of 4, and symbols being alloted in such a 
way that for values lying between 4n and 4n + 3, when 
n=O, l, ..., 9, 10,11, 12,13,14, 15,16,17,18, 19,20,21, 

8°2 
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22, 23, 24, 25, the machine prints 0, 1, ..., 9, L, X, G, A, 
B, C, V, P, Q, W, E, R, T, Y, U, I .  In this example it 
is unnecessary to draw contours at intervals of 4; in- 
tervals of 32 are quite adequate. But the fact that  the 
machine has printed at intervals of 4 makes it possible 
to insert contours at intervals of 32 with an accuracy 
almost as great as is obtained by the conventional 
method, and certainly as great as the accuracy of the 
original data justffies. 

Of course the ' cell dimensions' in the machine plot 
are set by the space and shift distances of the tele- 
printer. The simplest way to convert the contours 
obtained from this plot to the correct cell dimensions 
(and angles in the case of a non-rectangular space 
group) would be by means of a mechanical linkage 
device. 

Incidentally the method is much more rapid than 
those we have hitherto described. As previously in- 
dicated, printing time represents a large proportion 
of the whole; in printing values of the function by 
normal methods, the teleprinter has to record 4 digits 
(say), sign ( + or - ), space, and to execute a line shift 
and carriage return--in all 8 operations each taking 
~scc. In contour plotting it prints one symbol only 
for each value, and line shift and carriage return are 
required only once for each row. Thus by contour 
plotting ~he overall machine time in a typical case was 
reduced from 49 rain. to 29 min. 

I t  must be emphasized that  the method just de- 
scribed involves no modification of the standard 
EDSAC teleprinter output. I t  might be worth while in 
future applications to consider the design of a special 
output system (either quite separate from the com- 
puter or auxiliary to it) designed specifically for 
crystallographic purposes, e.g. with cathode ray tube 
presentation; and in this case the method could be 
improved greatly. 

10. Conclusion 

The computations described in this paper belong to the 
class which requires the retention of a large amount of 
information (i.e. the F values) in the store throughout; 
the terms lie, however, in a restricted range of magni- 
tudes and are usually known to a relatively low degree 
of accuracy. The amount of printing involved is more- 
over so considerable as to warrant special consideration. 

These features slow down the speed of operation 
achieved with the EDSAC, as it is constituted at pre- 

sent, and, although the results described here repre- 
sent a considerable increase in speed over existing 
methods, a further great improvement could be 
effected by such simple measures as increasing the 
storage capacity and incorporating a faster output 
system. 

At the present stage it does not seem possible to 
assess the relative values for crystallographic purposes of 
general-purpose digital machines, such as the EDSAC, 
and of special-purpose analogue machines (see, for 
example, Pepinsky, 1947; Pepinsky & Sayre, 1948), 
though it would appear to us that  some crystallo- 
graphic problems may be more economically tackled 
by the one and some by the other type. Digital ma- 
chines have the great advantages of accuracy (which is 
becoming increasingly important in crystallography), 
and of versatility, which enables the capital cost and 
running expenses of a general-purpose digital machine 
to be shared among a number of users with very dif- 
ferent problems to solve. On the other hand, analogue 
machines such as the Pepinsky machine may have 
special advantages for some crystallographic problems 
(see Bunn, 1951). 
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